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We investigate the phase relation among different eigenstates of a parameterized Hamiltonian
evolving adiabatically along an open path. This phase relation can be described in terms of gauge-
invariant, measurable quantities, extending the concept of Berry phase. We analyze several practical
occurrences of these quantities, including an experiment of deformed microwave cavities where they
can be determined from the published data.
Consider the adiabatic evolution of the nondegenerate
normalized eigenstates jxi(r)i of a parameterized Hamil-
tonian H(r). The idea that, with a suitable denition,
the phase of the scalar product hxj(r1)jxj(r2)i can be
measurable dates back to the pioneering work of Pan-
charatnam [1]. When r1 = r2 and the state jxj(r)i is
transported adiabatically along a closed loop, the exis-
tence of a nontrivial phase factor was discovered and put
on a rm basis by Berry [2]. Since then, considerable
work has been devoted to interpretation [3{7], general-
ization [8{13], and experimental determination [14{18] of
these geometrical phase factors. Surprisingly, for r1 6= r2,
the phase of hxj(r1)jxk(r2)i between two different eigen-
states has not been equally well investigated so far [19].
This is even more surprising if one considers that
for some pairs of points it may occur that jxk(r2)i =
ei αjxj(r1)i (with j 6= k). This implies that both scalar
products hxj(r1)jxj(r2)i and hxk(r1)jxk(r2)i vanish, thus
the usual Pancharatnam-Berry phase on any path con-
necting r1 to r2 gets undened for the states k and j.
The only phase information left is contained in the o-
diagonal scalar product hxj(r1)jxk(r2)i.
The purpose of this Letter is to determine the mea-
surable quantities associated to the phases of the o-
diagonal matrix elements hxj(r1)jxk(r2)i for a general
open path in the parameter space connecting r1 to r2. We
nd the minimal set of independent o-diagonal phase
factors that exhaust the geometrical phase information
carried by the basis of eigenstates along the path. The
formalism is then applied to an experiment on quantum
billiards [17], where the o-diagonal phase factors can be
extracted directly from the published experimental data.
To introduce the concept of o-diagonal geometric
phase we consider a simple spin 1
2 aligned to a slowly ro-
tating magnetic eld in the xz plane. In suitable units,
the Hamiltonian on the basis of the eigenstates j #i, j "i
of Sz reads
H() =
(− cos  sin 
sin  cos 
)
: (1)
The polar angle  of the magnetic eld with the z^ di-
rection parameterizes a circular path in the 2-dimen-
sional space of the magnetic eld. For any value of







− sin θ2 cos θ2
)
: (2)
The columns of Ujk() = hxj(0)jxk()i represent the
two eigenvectors jx1()i and jx2()i. In this case, the
Pancharatnam-Berry phase factor of the state jxj()i for
 = 0 to f is given by γj(f) = (hxj(0)jxj(f)i) =
(Ujj(f)) [where (z) = z=jzj for complex z 6= 0]. Ob-
viously, at f = , γj is undened, since it represents the
sign of a vanishing component. All the information about
the eigenstates jxj()i is contained in the o-diagonal
matrix elements of U . It is thus convenient [20] to in-
troduce the phase factors jk(f) = (hxj(0)jxk(f)i),
which, in contrast to the γj(f) are well dened for
f = .
The above naive denitions depend on an arbitrary
choice of the phases of the basis vectors. (In the following
we keep the notation general by indicating the parametric
dependence with r, instead of .) In fact, under the gauge
transformation:
jxj(r)i ! jxj(r)i exp[i’j(r)] (3)
the scalar product hxj(r1)jxk(r2)i is multiplied by the
(arbitrary) factor exp i[’k(r2)− ’j(r1)].
Indeed, as well known, the gauge-independent expres-
sion [2,9] of the geometric phase factors γj (obtained for
an adiabatic time evolution along an open path Γ) is










[This integral vanishes for the real basis choice (2).] The
analogous o-diagonal phase change is
Γjk = (hxj(r1)jxk(r2)i) IΓk : (6)
However, Γjk is not gauge-invariant and under (3) it
transforms as follows:
Γjk ! Γjk exp i[’k(r1)− ’j(r1)] : (7)
1
Γjk depends therefore on the relative phase of the two
vectors jxji and jxki at the same point r1. These phases







The phase factor γΓjk is thus measurable. The demon-
stration of the existence of such measurable quantities is
the central result of this Letter.
The spin- 1
2 case at hand is very simple: only one o-
diagonal phase factor γ12(=γ21) exists. It takes the value
γ12 = (sin =2)(− sin =2) = −1 for any  dierent
from 0, 2. For  = , γ12 carries all the gauge-invariant
phase contents of the eigenstates, since γ1 and γ2 are both
undened. At  = 2 the roles are exchanged. In this
sense, the o-diagonal phase factor γ12 complements the
diagonal Berry phase γj and constitutes its counterpart
when the latter is undened.
Interference experiments [18] have measured the non-
cyclic Pancharatnam-Berry phases γj in the spin- 12 sys-
tem. In a similar way one can envisage an experiment
that measures by interference 12 and 21 for an arbitrary
xed gauge at the starting point. The dependence on the
gauge chosen cancels out in the product γ12, which, for
this simple system, must equal −1 for any rotation an-
gle  6= 2. In systems of larger dimensionality, several
o-diagonal phase factors can be dened, and they may
assume dierent values on dierent paths. We come now
to the denition of the measurable phase factors γΓ for
the general case.
Consider an n  n parameterized Hermitian Hamilto-
nian matrix H(r), representing a physical system. Let
us indicate with jxj(r)i an orthonormal basis of eigen-
vectors (ordered by increasing energy) evolving adiabati-
cally along a path Γ running from r1 to r2. The denition
(6) of the phase factors Γjk, is valid in the general case.
Since the eect of a gauge change (3) is to multiply Γjk
by the phase factor of Eq. (7), any cyclic product of ’s is







j2j3    Γjl−1jl Γjlj1 : (9)
For l = 1, Eq. (9) reduces to the familiar denition (4)





jj . The 2-indexes γ
(2) Γ
jk phase factors coincide
with those dened in Eq. (8). Larger l describe more
complex phase relations among o-diagonal components
of the eigenstates at the endpoints of Γ.
We note that any cyclic permutation of all the indexes
j1j2j3:::jl is immaterial. Moreover, if one index is re-
peated, the associated γ(l) can be decomposed into the
product γ(l1) γ(l2)’s with l1 + l2 = l. We can thus reduce
to consider the γ(l)’s with no repeated indexes, which
means in particular l  n.
One can readily verify that the number of γ(l)’s left
grows with n faster than n2. Since n2 is the number of the
constituent jk’s, not all the γ(l)’s can be independent.
We shall now nd a minimal set of independent γ(l)’s,
under the condition that U(r1; r2)jk = hxj(r1)jxk(r2)i 6=
0 for all j and k. Clearly, the n Pancharatnam-Berry
diagonal phase factors γ(1)j are all independent, since any
diagonal jj enters only γ
(1)
j . On the other hand, the
o-diagonal γ(l)’s are interrelated by the following exact









































In Eq. (10), fjg indicates a set of one or more indexes
and l0 < l and l00 < l count the indexes in the correspond-
ing γ. The rst equality allows us to express any γ(l) for
l  4 in terms of γ(2)’s and γ(3)’s only. Using Eq. (11),
any γ(3) with unsorted indexes can be expressed as a
function of the γ(2)’s and γ(3)’s with the indexes in (say)
increasing order. Eq. (12) permits us to reduce the inde-
pendent γ(3)jkm to those with (say) 1 as the rst index. In
summary, any γ(l)’s may be expressed in terms of three
categories: the n diagonal phases γ(1)j , the n(n − 1)=2
quadratic γ(2)j<k’s, and the (n− 1)(n− 2)=2 cubic γ(3)1<j<k.
These n2 − n + 1 factors are indeed functionally inde-
pendent combinations of the ’s: we veried that the
Jacobian determinant
∣∣@γfjg=@km∣∣ is nonzero.
A basic property of the o-diagonal phase factors γ(l)
characterizes the way they change following dierent ori-
ented paths Γ and  both joining r1 to r2. Let us indicate
with C the circuit in the space of parameters composed
by Γ, followed by  with its orientation reversed. It is
straightforward to verify that the phase factors γ(l)fjg and












The change in γ(l)fjg can eventually be expressed in terms
of the integral of the curvature dened by Berry [2] over
the \surface" surrounded by C. This emphasizes the
geometrical-topological nature of the γ(l)fjg’s.
Whenever some matrix element U(r1; r2)jk = 0, the re-
lations (10-12) may not hold any more. However, to this
reduction in the number of conditions, there corresponds
a reduction in the number of well dened γ(l)’s, since any
γ(l) involving the undened jk is undened too. Note
that the breakdown of the relations (10-12) may leave
some of the γ(l>3)’s independent of the γ(l3)’s. A par-
ticularly important situation, where all but n jk’s are
undened, occurs when the nal states are a permutation
of the initial ones. The familiar cyclic Berry phase can be
2
regarded as a special case where this permutation is the
identity. Our denition of γ(l) deals naturally with the
general permutation of n eigenstates. Let us illustrate
this with an example. Imagine that four eigenstates of
H(r2) jx1i to jx4i are a cyclical permutation of those of
H(r1), so that the only nonzero overlaps Ujk involving
these four states are U12, U23, U34, and U41. Only 12
23, 34, and 41 are dened here: the only well-dened
gauge-invariant phase factor involving these eigenstates




124, etc. are undened.
invariant condition # of
n P phase factors
∣∣U∣∣ = 1 cases
1 1 γ1 γ1 = 1 1
2 1 2 γ1 γ2 γ1 γ2 = 1 2
2 1 * γ12 γ12 = −1 1
3 1 2 3 γ1 γ2 γ3 γ1 γ2 γ3 = 1 4
2 1 3 γ12 γ3 γ12 γ3 = −1 2
3 2 1 * γ13 γ2 γ13 γ2 = −1 2
1 3 2 γ23 γ1 γ23 γ1 = −1 2
2 3 1 γ123 γ123 = 1 1
3 1 2 γ132 γ132 = 1 1
4 1 2 3 4 γ1 γ2 γ3 γ4 γ1 γ2 γ3 γ4 = 1 8
2 1 3 4 γ12 γ3 γ4 γ12 γ3 γ4 = −1 4
[5 similar] ... 4
4 3 2 1 * γ12 γ34 γ12 γ34 = 1 2
[2 similar] ... 2
2 3 1 4 γ123 γ4 γ123 γ4 = −1 2
[7 similar] ... 2
2 3 4 1 γ1234 γ1234 = 1 1
[5 similar] ... 1
TABLE I. All possible gauge-invariant phase factors γ(l)
dened in Eq. (9), for an arbitrary path joining a point r1
to r2, such that the eigenvectors of H(r2) are permuted ac-
cording to P with respect to those of H(r1). The last column
lists the number of the possible combinations of values (1)
that the γ(l) factors can take in the special case of a real H(r).
The stars mark the permutations induced by the relation (16),
observed at the half-loop of Ref. [17] for n = 2 and 3.
It is therefore important to analyze the case of a path
Γ joining a pair of points rP1 r
P
2 such that n eigenstates









j jxPj ihxPj j ; (14)
where Ej and E0j are in increasing order as usual. The
only well-dened Γ’s are the n phase factors Γj Pj . Any
permutation P can be decomposed univocally [21] into
c cycles of lengths l1, l2, : : : lc. To the i-th cycle it is
associated one γ(li) Γfjg , the li indexes fjg following the
corresponding cycle. All other γ(l) Γ’s are undened. In
Table I, for each permutation P of the eigenstates we
report the corresponding well-dened γ(l) invariants for
n  4.
For these paths permuting the eigenvectors, the deter-
minant of the overlap matrix U (reported to the parallel
gauge [4] by multiplying Ujk by IΓk ) is related to the prod-
uct of the ’s. The equality
∣∣U ∣∣ = 1 becomes therefore
n∏
j=1
Γj Pj = (−1)P : (15)
The third column of Table I summarizes this condition in
terms of the γ(l)’s. In the special case of a real symmet-
ric Hamiltonian H(r), all ’s, and thus all γ(l)’s either
equal +1 or −1. For this simple but relevant situation,
the last column of Table I reports the number of combi-
nations of values that the γ(l)’s may take, as allowed by
the condition (15).
The above arguments on the permutational symmetry
remain valid even if Eq. (14) is only approximate, pro-
vided that jUj,Pj j  n max(k 6=Pj) jUjkj for all j. This
extends the interest of the permutational case to a -
nite domain of the parameters’ space around the point
where Eq. (14) holds exactly or, more in general, to any
region where the inequality on Ujk holds. For example,
an approximate permutation occurs when the energy lev-
els of an Hamiltonian H(r) undergo a sequence of sharp
avoided crossings along the path. Often, at each avoided
crossing, the two involved eigenstates, to a good approxi-
mation, exchange. As a result, there exist sizable regions
between two avoided crossings where the eigenvectors are
an approximate permutation of the starting ones.
Probably the simplest example of a nontrivial permu-
tation of the Hamiltonian eigenstates occurs when the
relation
H(r1) = −H(r2) (16)
holds at the ends of the path. This symmetry is veried
exactly by the spin- 12 Hamiltonian (1), where it deter-
mines the swap of the eigenstates between  = 0 and
 = . Relation (16) holds also, approximately, in very
common situations. Suppose, for example, that a point,
say r = 0, locates an n-fold degeneracy, and consider the
perturbative expansion around there:
H(r) = r H(1) + : : : : (17)
[H(1) is a vector of Hermitian numerical matrices.] In the
suciently small neighborhood of the degeneracy, where
the linear term accounts for the main contribution to the
energy shifts, pairs of opposite points (r1; r2 = −r1) sat-
isfy the relation (16). The permutation of the eigenstates
associated to (16) is composed by n=2 2-cycles for even
n, or by (n−1)=2 2-cycles plus one 1-cycle for odd n: the
corresponding γ’s are marked by stars in Table I.
In the nal part of this Letter, we examine the de-
formed microwave resonators experiment of Ref. [17]. In
a recent work [7] the diagonal, closed-path Berry phases
were calculated for that system. Here we analyze the
experiment of Ref. [17] as a transparent example of how
3
o-diagonal γ(2)jk ’s can be measured for open paths. For
these systems, r = (r cos ; r sin ) parameterizes the dis-
placement of one corner of the resonator away from the
position of a conical intersection of the energy levels.
Lauber et al. [17] investigate the Berry phase of these
nearly degenerate states, when the distortion is driven
through a loop  = 0 to 2 around the degenerate point.
The distortion path is traced in small steps in , following
adiabatically the real eigenfunctions. In Fig. 1 we report
the initial ( = 0), half-way ( = ) and nal ( = 2)
eigenfunctions from the original pictures of Ref. [17].
The rst case considered is that of a triangular cavity
deformed around a twofold degeneracy: for small dis-
tortions, the system behaves similarly to the spin 1
2 of
Eq. (1). In particular, the Berry phases γ(1)j at the end
of the loop both equal −1 as expected for such a situation
(cf. in Fig. 1 the recurrence of the pattern with changed
sign at  = 0 and 2). Due to the well approximate
symmetry (16) at half path ( = ), the diagonal Berry
phases are undened there, but it is instead possible to
determine the experimental value of γ(2)12 for this path.
In this real gauge, the jk coincide with the overlaps
hxj(r1)jxk(r2)i. From inspection of Fig. 1 we determine
12 = 1, 21 = −1. This is consistent with the only pos-
sible value γ(2)12 = −1 allowed by the determinant rule in
this simple case (see Table I). The same holds for the
path going from  =  to 2.
The case of the rectangular resonator is more inter-
esting. Here, three states intersect conically at r = 0.
The three Berry phases γ(1)j at the end of the loop (−1,
+1 and −1) are compatible with the determinant require-
ment of Table I. Figure 1 shows that empirically also this
system satises the symmetry relation H() = −H(0) at
mid loop. Thus, for the path  = 0 to  the only well
dened Pancharatnam-Berry phase is that of the central
state γ(1)2 = −1. The upper and lower states exchange,
giving 13 = 1, 31 = 1 thus γ
(2)
13 = 1. This is one of the
two combinations of values allowed by the determinant
rule γ13 γ2 = −1 of Table I.
In conclusion, we have identied novel o-diagonal ob-
servable phase factors, generalizing the (diagonal) Berry
phase. The two sets of diagonal and o-diagonal geo-
metrical phases together exhaust the number of indepen-
dent gauge-invariant phase relations among the adiabatic
eigenstates of H(r) at two dierent points of the param-
eter space joined by a path. We show that, in many com-
mon situations, the o-diagonal factors carry the relevant
phase content of the basis of eigenstates. In this Letter
we restrict to adiabatic and unitary evolution, in order
to keep the treatment simple. Some of these restrictions
could be lifted following the methods used to extend the
diagonal geometric phase to nonadiabatic [8], nonunitary
[9], and even \nondynamical" evolution [11,12].
We thank Prof. D. Dubbers and Dr. A. F. Morpurgo
for useful discussions.
FIG. 1. The observed initial ( = 0), intermediate ( = )
and nal ( = 2) eigenstates of the microwave cavities de-
formed following adiabatically the path of Ref. [17]. Left: the
two eigenstates of the triangular resonator. Right: the three
eigenstates of the rectangular resonator.
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